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Abstract. In our recent study the maximal values of kinetic and potential energy densities that can be
achieved in the collisions of N slow kinks in the sine-Gordon model were calculated analytically (for
N = 1, 2, and 3) and numerically (for 4 ≤ N ≤ 7). However, for many physical applications it is important
to know not only the total potential energy density but also its two components (the on-site potential
energy density and the elastic strain energy density) as well as the extreme values of the elastic strain,
tensile (positive) and compressive (negative). In the present study we give (i) the two components of the
potential energy density and (ii) the extreme values of elastic strain. Our results suggest that in multi-
soliton collisions the main contribution to the potential energy density comes from the elastic strain, but
not from the on-site potential. It is also found that tensile strain is usually larger than compressive strain
in the core of multi-soliton collision.
PACS. 05.45.Yv Solitons – 11.10.Lm Nonlinear or nonlocal theories and models – 45.50.Tn Collisions
1 Introduction
Solitons (or solitary waves) are present in a wide range
of physics such as optics [1,2], superconducting Joseph-
son junction arrays [3,4,5], particle and nuclear physics
[6,7], condensed matter physics [8,9,10,11,12,13,14,15],
and many others [16,17,18,19]. They are robust with re-
spect to small perturbations, they can travel long dis-
tances maintaining their shape, and survive collisions with
each other. That is why solitons are considered to be very
efficient in transferring energy, momentum, mass, electric
charge and other physical quantities, depending on the
application.
Multi-soliton solutions to the sine-Gordon (sG) equa-
tion have been derived analytically [20,21] and analyzed
by many authors [22,23,24,25,26,27,28,29,30,31]. Collid-
ing solitons can produce high energy density spots and for
many applications it is important to know how large the
energy density can be in multi-soliton collisions. Recently
we have addressed this issue in the sG, φ4, and φ6 models
[32,33,34]. Basic soliton solutions to sG equation are the
kink, which interpolates between nearest wells of the pe-
riodic on-site potential, and the breather (or bion), which
is a bound state of a kink and antikink [20]. It was found
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that maximal energy density that can be observed in col-
lision of N slowly moving kinks/antikinks is proportional
to N2 in all three models, while total energy of the system
is proportional to N . Such a high energy density can be
achieved only if the kinks and antikinks approach the col-
lision point in an alternating array, where each soliton has
nearest neighbors of the opposite topological charge and
thus, all solitons attract their nearest neighbors. Interest-
ingly, in the case of sG equation, when N is odd (even)
the maximal energy density is in the form of potential
(kinetic) energy with kinetic (potential) energy density
being zero. In the φ4 and φ6 models, for odd (even) N the
maximal energy density is mainly in the form of potential
(kinetic) energy.
Solitons in non-integrable models such as φ4 model can
support kink’s internal vibrational modes [36,35], which
make soliton dynamics richer than in the integrable sG
model [17,18,37,38,39,27,40,41,42,43,44,45]. This is so
because the kink’s translational and vibrational modes can
exchange energy. The effect of the non-integrability in the
maximal energy density has been investigated in [33]. It
was shown that the kink’s internal mode can increase or
decrease the maximal energy density in multi-kink colli-
sions.
In the present study we revisit the results presented in
[32] aiming to provide more information useful for physical
applications. First of all, note that in the Klein-Gordon
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equations, including sG equation, potential energy con-
sists of two parts, the energy related to the on-site poten-
tial and the elastic strain energy. In the published work
[32] these energies were not separated, but they have very
different physical nature and it is important to know how
do they contribute to the total potential energy. Secondly,
from the physical standpoint it is important to know not
only the value of the maximal elastic strain energy density
in multi-kink collisions, but also the value of the maximal
tensile and compressive strain because the response of me-
dia to strain can differ qualitatively depending on the sign
of strain. For instance, in the application of the sG equa-
tion to the dislocation theory [46], the interatomic bonds
can break if tensile strain is above a threshold value. Thus,
the main goal of the present study is to extend the work
[32] by the discussion of the extreme values of the two
parts of the potential energy density and the extreme val-
ues of the tensile and compressive elastic strain in multi-
kink collisions.
The paper is organized as follows. In Sec. 2 the problem
to solve is described. In Sec. 3, analytically (for N ≤ 3)
and by integrating numerically the sG equation of motion
(for N > 3), we estimate the extreme values of energy
density components and strain observed in the collision of
N slowly moving kinks and antikinks. The key results of
the present study are summarized in Sec. 4.
2 General remarks
The equation of motion of the sG model in (1+1) dimen-
sion is
φtt − φxx + sinφ = 0, (1)
where φtt and φxx are the second order derivative of φ(x, t)
scalar field with respect to the time and space, respec-
tively. This equation has an exact solution which is known
as kink (antikink)
φk(x, t) = ±4 arctan exp[δ(x− x0 − V t)], (2)
where x0 is the initial position of the kink, 0 ≤ V < 1 is
the kink velocity and δ = 1/
√
1− V 2. Positive (negative)
sign in Eq. (2) is related to the kink (antikink). The total
energy of the scalar field is defined by
U =
∞∫
−∞
[1
2
φ2t +
1
2
φ2x + (1 − cosφ)
]
dx . (3)
Three integrands in Eq. (3) describe the three contribu-
tions to the total energy density of the sG field,
u(x, t) = k(x, t) + e(x, t) + p(x, t) , (4)
where
k(x, t) =
1
2
φ2t , (5)
e(x, t) =
1
2
φ2x, (6)
p(x, t) = 1− cosφ, (7)
are the kinetic energy density, the elastic strain density
and the on-site potential energy density, respectively.
Elastic strain of the system which is positive (negative)
for tension (compression) can be defined as follows
ε(x, t) = φx. (8)
By substituting an exact solution of the sG field from
Eq. (2) into Eq. (3) the total energy of the kink can be
obtained
U = 8δ. (9)
In this study only slow kinks (|V | ≪ 1) are analyzed, so
that δ ≈ 1. Then, the total energy for one slow kink is
approximately U ≈ 8, and for N slow kinks/antikinks it
is about 8N .
To carry out numerical stimulations, the mesh xn =
nh, tj = jτ is introduced, where h is the lattice spacing, τ
is the time step, n = 0,±1,±2, ... and j = −3,−2,−1, 0, 1, ....
The discrete form of Eq. (1) is considered in the form
(d2φn
dt2
)
j
− 1
h2
(φn−1,j − 2φn,j + φn+1,j)
+
1
12h2
(φn−2,j − 4φn−1,j + 6φn,j − 4φn+1,j + φn+2,j)
+ sin(φn,j) = 0, (10)
where the second derivative with respect to time at j-th
time step is discretized as follows
(d2φn
dt2
)
j
=
11φn,j+1 − 20φn,j + 6φn,j−1 + 4φn,j−2 − φn,j−3
12τ2
.(11)
This discretization method is fourth order accurate in
space [17,32]. Note that in order to increase the accuracy
of the integration over the temporal variable the four-step
scheme is used with the initial conditions specified for
steps j = −3,−2,−1, and 0. Substituting Eq. (11) into
Eq. (10) one can express φn,j+1 in terms of grid function
values at j−3, j−2, j−1, and j time steps, thus obtaining
an explicit scheme with the accuracy of O(τ4). The sim-
ulations were conducted for the temporal step τ = 0.005
and it was checked that further decrease of τ does not af-
fect the numerical results noticeably. The results for the
spatial steps h = 0.1 and h = 0.05 are compared to see
the convergence with respect to this parameter of the nu-
merical scheme. No instability problems were observed for
chosen parameters of the numerical scheme.
Fixed boundary conditions are used. The size of the
computational cell of 20, 000 points was sufficiently large
to exclude the effect of small amplitude waves reflected
from the boundaries on the kink collision dynamics.
In our numerical simulations for N > 3 the initial con-
ditions are specified with the help of the exact kink/antikink
solution Eq. (2) in a way that the solitons initially do not
overlap (initial distance between them is not less than 12).
All solitons in the initial configuration have opposite topo-
logical charges with the neighbors. This ensures attractive
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forces between all neighboring solitons, which is a neces-
sary condition for all of them to collide at one point and
produce the highest possible energy density (see Refs. [32,
33]). To achieve collision of all of N solitons at one point,
one has to set particular values of initial velocities of soli-
tons and initial distances between them. The choice of
these parameters will be discussed for each number of col-
liding solitons in Sec. 3. In our simulations we set t = 0 at
the collision point and show the results in the time domain
near this point. The simulation run is typically within the
range 200 < t < 200.
3 Extreme values of elastic strain and energy
in multi-kink collisions
In this Section, we firstly calculate analytically the exact
values of the maximal energy densities and maximal elas-
tic strain for single standing kink. Afterwards, the same
quantities are obtained analytically from the exact sepa-
ratrix solutions to sG for N = 2 and N = 3 kinks and an-
tikinks colliding with the smallest possible velocity. Then
the same quantities are estimated numerically for N = 4,
5, 6 and 7 slowly moving kinks and antikinks colliding at
one point.
In this study we analyze collisions between slowly mov-
ing kinks and antikinks. It is clear that fast collisions will
produce higher energy density in comparison to slow colli-
sions because faster kinks have smaller width and a greater
contribution from the kinetic energy density. In the rela-
tivistic limit |V | → 1, kink width vanishes and its en-
ergy diverges, as follows from Eq. (9), making comparison
of maximal energy densities for different collision scenar-
ios meaningless. On the other hand, for slow kinks with
|V | ≪ 1, kink energy is a weak function of V and one can
compare maximal energy densities for different number of
colliding solitons without ambiguity.
3.1 The case of single kink
Substitution Eq. (2) with V = 0 in Eq. (4) yields the next
maximal values of the energy densities of standing kink
(antikink):
u(1)max = 4, (12)
k(1)max = 0, (13)
e(1)max = 2, (14)
p(1)max = 2. (15)
In this case the total maximal energy density, u
(1)
max, is
equal to the sum of k
(1)
max, e
(1)
max, and p
(1)
max; but in the fol-
lowing we will see that this is not so for N > 1.
By substituting Eq. (2) with V = 0 into Eq. (8) the
extreme values of strain are extracted as
ε(1)max = 2, ε
(1)
min = −2, (16)
where the positive (negative) value answers the kink (an-
tikink).
3.2 Two-kink collisions
The separatrix two-soliton solution of the sG model is
given by [28]
φkk¯(x, t) = −4 arctan
t
coshx
. (17)
This solution describes the kink and antikink that after
the collision at t = 0 move apart and their velocities vanish
as t→∞. Thus, this solution represents the kink-antikink
collision with the smallest possible velocity. The solution
and its parameters are shown in Fig. 1 for the times do-
main close the collision point. In (a) the regions of the
(t, x)-plane with the total energy density u > 2 are shown
to reveal the cores of the solitons. Integrable sG equation
describes purely elastic kink-antikink collision. From (b)
to (f), the plots show the maximal over x values of u, k,
p, e, and ε as the functions of time, respectively. To calcu-
late the exact values of the maximal energy densities we
substitute Eq. (17) into Eq. (4), then we have
u(x, t) = k(x, t) + e(x, t) + p(x, t), (18)
where
k(x, t) =
8sech2x
(1 + t2sech2x)2
, (19)
e(x, t) =
8t2sech2x tanh2 x
(1 + t2sech2x)2
, (20)
p(x, t) = 1− cos[4 arctan(tsechx)]. (21)
The maximal values of the energy densities for the two-
soliton collision are
u(2)max = 8, (22)
k(2)max = 8, (23)
e(2)max = 2, (24)
p(2)max = 2. (25)
By substituting Eq. (17) into Eq. (8) the elastic strain and
its extreme values are extracted as
ε(x, t) =
−4tsechx tanhx
1 + t2sech2x
, (26)
ε(2)max = 2, ε
(2)
min = −2. (27)
3.3 Three-kink collisions
The separatrix three-soliton solution of the sG model is
[28]
φ(x, t) = 4 arctan[exp(x)] + 4 arctan
x coshx− t2 sinhx
t2 + cosh2 x
.
(28)
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Fig. 1. The plot corresponds to the kink-antikink separatrix solution Eq. (17). (a) Trajectories of the soliton cores in the
(t, x)-plane shown by plotting the regions where total energy density u(x, t) > 2. (b-e) Maximal over spatial coordinate values
of energy densities u, k, p and e as the functions of time, respectively. (f) Maximal (black solid line) and minimal (blue dotted
line) over spatial coordinate values of elastic strain ε.
This solution describes the antikink standing at x = 0
and two kinks that after the collision with the antikink at
t = 0 move apart and their velocities vanish as t→ 0. This
solution describes three-soliton collision with the smallest
possible velocity. The solution is plotted in Fig. 2 similarly
to Fig. 1. Since unperturbed sG equation is considered,
there is no energy exchange between colliding solitons.
By substituting Eq. (28) into Eq. (4) we find three
components of the total energy density as follows:
k(x, t) =
8[ 2t sinh x
t2+cosh2 x
+ 2t(x cosh x−t
2 sinh x)
(t2+cosh2 x)2
]2
[ (x cosh x−t
2 sinh x)2
(t2+cosh2 x)2
+ 1]2
, (29)
e(x, t) =
1
2
[
4 exp(x)
exp(2x) + 1
− 8 sinhx coshx(x coshx− t
2 sinhx)
(t2 + cosh2 x)2( (x cosh x−t
2 sinhx)2
(t2+cosh2 x)2
+ 1)
+
4(−t2 coshx+ x sinhx+ coshx)
(t2 + cosh2 x)( (x cosh x−t
2 sinh x)2
(t2+cosh2 x)2
+ 1)
]2. (30)
p(x, t) = 1− cos[4 arctan(exp(x))
+ 4 arctan
x coshx− t2 sinhx
t2 + cosh2 x
], (31)
The exact values of the maximal energy densities are
u(3)max = 20, (32)
k(3)max = 4.80915, (33)
e(3)max = 18, (34)
p(3)max = 2. (35)
By substituting Eq. (28) into Eq. (8) the elastic strain is
extracted as
ε(x, t) =
4 exp(x)
exp(2x) + 1
− 8 sinhx coshx(x cosh x− t
2 sinhx)
(t2 + cosh2 x)2( (x cosh x−t
2 sinh x)2
(t2+cosh2 x)2
+ 1)
+
4(−t2 coshx+ x sinhx+ coshx)
(t2 + cosh2 x)( (x cosh x−t
2 sinh x)2
(t2+cosh2 x)2
+ 1)
, (36)
with the maximum and minimum values
ε(3)max = 6, ε
(3)
min = −2. (37)
Aliakbar Moradi Marjaneh et al.: Extreme values of elastic strain and energy in sine-Gordon multi-kink collisions 5
-90 -60 -30 0 30 60 90
-10
0
10
0
5
10
15
20
-30 -15 0 15 30
0
2
4
-30 -15 0 15 30
0
1
2
-30 -15 0 15 30
0
5
10
15
20
-30 -15 0 15 30
-2
0
2
4
6
-30 -15 0 15 30
3
3
2 2
1
x
t
1
t
u m
ax
(d)
(b)
t
k m
ax
(a)
t
p m
ax
(c)
(e)
t
e m
ax
(f)
t
m
in
m
ax
Fig. 2. Same as in Fig. 1, but for the exact kink-antikink-kink separatrix solution Eq. (28).
3.4 Four-kink collisions
In the initial configuration shown in Fig. 3 (a), solitons
1 and 3 are the kinks, while 2 and 4 are the antikinks.
They collide at one point provided that their initial po-
sitions and velocities are chosen as follows: x1 = −x4 =
−22.63887, V1 = −V4 = 0.1, x2 = −x3 = −9 and V2 =
−V3 = 0.05. In this case (and in all other cases with
N > 3), sG equation is integrated numerically and the
discreteness of the numerical scheme produces a sort of
perturbation. This leads to merger of kinks-antikink pairs
into bound states called breathers or bions.
We obtained from Fig. 3 (b-f) for the collision of five
solitons the following results:
u(4)max ≈ 32, (38)
k(4)max ≈ 32, (39)
e(4)max ≈ 10, (40)
p(4)max ≈ 2, (41)
ε(4)max ≈ 4.5, ε(4)min ≈ −4.5. (42)
More precisely, for h = 0.1 the largest energy density we
could obtain by varying the parameter x1 = −x4 (at fixed
other parameters) was u
(4)
max = 32.21, while for h = 0.05 it
was u
(4)
max = 32.05.
A note should be made on how the kinks and antikinks
are numbered after the collisions in Fig. 3 (a) and in other
similar plots. Considered system is nearly integrable, since
it is weakly perturbed by the discreteness of the numer-
ical scheme. In the integrable system solitons after colli-
sion fully recover their shapes and properties, so that, e.g.,
their velocities after the collision are the same as before
the collision. For our nearly integrable system we assume
that the order of kinks/antikinks after the collision is re-
versed (as it must be in an integrable system), and we
number them accordingly. The kink-antikink pairs that
merge into a breather have two numbers separated by a
comma.
3.5 Five-kink collisions
In Fig. 4 (a) solitons 1, 3, and 5 are kinks and 2 and 4
are antikinks. The kink 3 is located at the origin with
initial condition, x3 = 0 and V3 = 0. The velocities of the
antikinks 2 and 4 are V2 = −V4 = 0.025 and they are
initially located at the positions x2 = −x4 = −12.0. By
symmetry the solitons 2, 3, and 4 collide at one point. For
the kinks 1 and 5 we take two times larger velocities V1 =
−V5 = 0.05 and choose their initial coordinates to achieve
the collision of five solitons at one point. This happens for
x1 = −x5 = −24.376549. As it can be seen from Fig. 4(b-
f), when five solitons collide,
u(5)max ≈ 52, (43)
k(5)max ≈ 17, (44)
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Fig. 3. Numerical results for the four-kink collision. Solitons 1 and 3 are kinks, while 2 and 4 are antikinks. Initial conditions
are set by combination of well separated solitons specified by Eq. (2) with the initial coordinates x1 = −x4 = −22.63887,
x2 = −x3 = −9 and initial velocities V1 = −V4 = 0.1, V2 = −V3 = 0.05.
e(5)max ≈ 52, (45)
p(5)max ≈ 2, (46)
ε(5)max ≈ 10, ε(5)min ≈ −2. (47)
More precisely, the maximal energy density is u
(5)
max =
50.93 for h = 0.1 and u
(5)
max = 51.85 for h = 0.05.
3.6 Six-kink collisions
In Fig. 5 the solitons 1, 3 and 5 are kinks and 2, 4 and 6 are
antikinks. The initial positions and velocities to provide
the collision of all solitons at one point are x1 = −x6 =
−34.90395, V1 = −V6 = 0.1, x2 = −x5 = −19.37864,
V2 = −V5 = 0.05, x3 = −x4 = −7, V3 = −V4 = 0.025.
The maximal of energy densities and maximal compressive
and tensile strains are found to be
u(6)max ≈ 72, (48)
k(6)max ≈ 72, (49)
e(6)max ≈ 25, (50)
p(6)max ≈ 2, (51)
ε(6)max ≈ 7, ε(6)min ≈ −7. (52)
3.7 Seven-kink collisions
Referring to Fig. 6(a), we note that solitons with odd
(even) number are kinks (antikinks). The initial condi-
tions to ensure that all solitons collide at one point are
x1 = −x7 = −39.541867403, V1 = −V7 = 0.1, x2 =
−x6 = −24.29923, V2 = −V6 = 0.05, x3 = −x5 = −12,
V3 = −V5 = 0.025, and x4 = 0, V4 = 0. Maximal over
spatial coordinate energy densities and elastic strains are
shown as the functions of time in Fig. 6 (b-f). The extreme
parameters of the collision are:
u(7)max ≈ 100, (53)
k(7)max ≈ 33, (54)
e(7)max ≈ 100, (55)
p(7)max ≈ 2, (56)
ε(7)max ≈ 14, ε(7)min ≈ −2.7. (57)
All the results of this Section are shown in Table 1.
4 Concluding remarks
The extreme values of elastic strain and energy in the
collision of N slow kinks/antikinks (with N ≤ 7) in the
integrable sG model were calculated numerically.
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Fig. 4. Numerical results for the five-kink collision. Solitons 1, 3 and 5 are kinks, while 2 and 4 are antikinks. Initial conditions
are set by combination of well separated solitons specified by Eq. (2) with the initial coordinates x1 = −x5 = −24.376549,
x2 = −x4 = −12.0, x3 = 0, and initial velocities V1 = −V5 = 0.05, V2 = −V4 = 0.025, V3 = 0.
Table 1. Summary on maximal energy densities and tensile
and compressive elastic strains in collision of N solitons.
N 1 2 3 4 5 6 7
umax 4 8 20 32 52 72 100
kmax 0 8 5 32 17 72 33
emax 2 2 18.5 10 52 25 100
pmax 2 2 2 2 2 2 2
εmax 2 2 6 4.5 10 7 14
εmin −2 −2 −2 −4.5 −2 −7 −2.7
The values of elastic strain and energy are calculated
when all N kinks/antikinks collide at one point. This hap-
pens when the kinks and antikinks approach the collision
point alternatively (i.e., no two adjacent solitons before
the collision are of the same type). When all N solitons
collide at one point, they produce a high energy density
spot.
We have separated the total energy density, u, into
three components, the kinetic energy density, k, the elastic
strain energy density, e, and the potential energy density
due to the on-site potential, p. Their maximal values ob-
served in the collisions of N kinks/antikinks are also given
in Table 1. We note that k
(N)
max increases rapidly with N for
evenN , while for oddN a rapid growth withN is observed
for e
(N)
max. These two energy densities have a dominant con-
tribution to the maximal total energy density.
For many applications, e.g., in the solid state physics,
it is important to know the maximal values and the sign
of the maximal elastic strain observed in N -soliton col-
lisions [10,11,12,13,14,15,46]. Large tensile or compres-
sive stress can result in phase transformations [47,48], or
defect nucleation and fracture can happen under tensile
stress above the strength limit of the considered medium
[49]. The last two lines of Table 1 contain the information
about extreme values of strain in multi-kink collisions. For
N = 5 the maximal tensile strain of 10 is registered, which
is 5 times higher than in the core of a single kink. For
N = 7, maximal tensile strain of 14 is observed, which is
7 times higher than in the core of a kink.
For the future works, it is important to calculate the
maximal energy density that can be achieved in multi-
soliton collisions in other integrable and non-integrable
systems of different dimensionality. For example, one can
examine similar issues and design such collisions in other
Klein-Gordon field theoretical models (e.g. in the φ8, or
φ12 models [34,38,39,?,43]), as well as in the nonlinear
Schro¨dinger equation [50,51] and in the discrete models
free of the Peierls-Nabarro potential [52]. It would be par-
ticularly interesting to explore if the relevant phenomenol-
ogy persists therein. Next, it would be extremely inter-
esting to search for the physical phenomena that can be
related to the high energy density spots or/and highly
strained regions generated by multi-soliton collisions. Some
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Fig. 5. Numerical results for the six-kink collision. Solitons 1, 3 and 5 are kinks, while 2, 4 and 6 are antikinks. Initial
soliton coordinates and velocities are x1 = −x6 = −34.90395, V1 = −V6 = 0.1, x2 = −x5 = −19.37864, V2 = −V5 = 0.05,
x3 = −x4 = −7, and V3 = −V4 = 0.025.
of these ideas are under consideration and will be reported
in the future works.
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